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Abstract
Let D(H) be the quantum double associated to a finite dimensional quasi-Hopf algebra H, as in
[9] and [10]. In this note, we first generalize a result of Majid [15] for Hopf algebras, and then prove
that the quantum double of a finite dimensional quasitriangular quasi-Hopf algebra is a biproduct in
the sense of [4].
0 Introduction
Drinfeld [6] introduced the quantum double D(H) of a finite dimensional Hopf algebra H . D(H) is a
quasitriangular Hopf algebra, containing H and H∗cop as subcoalgebras, and Drinfeld used the construc-
tion to find the R-matrix Rh of Uh(g), the Drinfeld-Jimbo quantum enveloping algebra associated to a
complex semisimple Lie algebra g - the index h means that we work over the complex power series
C[[X ]], see [11] for more detail. In fact he gives an explicit formula for Rh in the case where g = sl(2);
explicit descriptions in the general case are given in [12] and [13]. Several alternative descriptions of
the quantum double have appeared in the literature, but the most striking one is perhaps Majid’s double
cross product construction [14].
Quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld in [7], in connection with the
Knizhnik-Zamolodchikov system of partial differential equations, cf. [11]. Quasi-Hopf algebras also
appear in algebraic number theory, bearing information on the absolute Galois group Gal(Q/Q), cf. [8].
Quasi-bialgebras and quasi-Hopf algebras naturally come out of categorical considerations, putting some
additional structure on the category of modules over an algebra, in such a way that we obtain a monoidal
category. From a purely algebraic point of view, it is possible to construct quasi-Hopf algebras out of
a Hopf algebra H , by twisting the comultiplication: take an invertible element F = ∑F1⊗F2 ∈ H ⊗H
such that ∑ε(F1)F2 = ∑F1ε(F2) = 1, and put ∆F(h) = F∆(h)F−1. Starting from a finite dimensional
cocommutative Hopf algebra and a Sweedler 3-cocycle ω ∈ H⊗3, we can define a quasi-Hopf algebra
structure on the k-vector space H∗⊗H [2], which is a generalization of the Dijkgraaf-Pasquier-Roche
quasi-Hopf algebra Dω(G) (where H is a finite group algebra). An even more general construction is the
quantum double D(H) of a finite dimensional quasi-Hopf algebra, introduced independently by Majid
([16]) and Hausser and Nill ([9], [10]). Majid introduced the category of left Yetter-Drinfeld modules,
and used them to describe the quantum double in the form of an implicit Tannaka-Krein reconstruction
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Theorem. Hausser and Nill prove that the category of D(H)-modules is isomorphic to the category of
left-right Yetter-Drinfeld modules.
The Hausser-Nill description of the quantum double uses the generating matrix formalism. We will re-
formulate this intrinsically in Section 2; we need this new formulation for our main result in Section 3,
and it also has the merit that it reveals the link between the quantum double construction in the quasi and
classical Hopf algebra case in a transparent way.
In Section 3, we give the quasi-Hopf algebra version of the following result of Majid [15]: a finite di-
mensional Hopf algebra is quasitriangular if and only if there exists a Hopf algebra projection of D(H)
onto H that covers the natural inclusion. In this situation, D(H) is a biproduct of a braided Hopf algebra
Bi and H , and, as a vector space, Bi is isomophic to H∗ (see [15] for this result in the case of a Hopf
algebra). We give explicit formulas for the structure of H∗ as a Hopf algebra in the category of Yetter-
Drinfeld modules. Compare this to the construction in [4], where a braided Hopf algebra H is associated
to any quasitriangular (not necessarily finite dimensional) quasi-Hopf algebra H , using the Braided Re-
construction Theorem [17].
Finally observe that, as in [15, Example 3.6], for any finite dimensional quasi-Hopf algebra H , we have
an infinite tower of projections
H ✲✛−−− D(H)
i
pi
✲
✛ D(D(H)) ✲✛ D(D(D(H))) ✲✛ · · ·
i1
pi1
i2
pi2
i3
pi3
The first inclusion is itself covered by a projection if and only if H is quasitriangular.
1 Preliminary results
Quasi-Hopf algebras
We work over a commutative field k. All algebras, linear spaces etc. will be over k; unadorned ⊗
means ⊗k. Following Drinfeld [7], a quasi-bialgebra is a fourtuple (H,∆,ε,Φ) where H is an associative
algebra with unit, Φ is an invertible element in H ⊗H ⊗H , and ∆ : H → H ⊗H and ε : H → k are
algebra homomorphisms satisfying the identities
(id⊗∆)(∆(h)) = Φ(∆⊗ id)(∆(h))Φ−1, (1.1)
(id⊗ ε)(∆(h)) = h⊗1, (ε⊗ id)(∆(h)) = 1⊗h, (1.2)
for all h ∈ H , and Φ has to be a normalized 3-cocycle, in the sense that
(1⊗Φ)(id⊗∆⊗ id)(Φ)(Φ⊗1) = (id⊗ id⊗∆)(Φ)(∆⊗ id⊗ id)(Φ), (1.3)
(id⊗ ε⊗ id)(Φ) = 1⊗1⊗1. (1.4)
The map ∆ is called the coproduct or the comultiplication, ε the counit and Φ the reassociator. As for
Hopf algebras [21] we denote ∆(h) = ∑h1 ⊗ h2, but since ∆ is only quasi-coassociative we adopt the
further convention
(∆⊗ id)(∆(h)) = ∑h(1,1)⊗h(1,2)⊗h2, (id⊗∆)(∆(h)) = ∑h1⊗h(2,1)⊗h(2,2),
for all h∈H . We will denote the tensor components of Φ by capital letters, and the ones of Φ−1 by small
letters, namely
Φ = ∑X1⊗X2⊗X3 =∑T 1⊗T 2⊗T 3 = ∑V 1⊗V 2⊗V 3 = · · ·
Φ−1 = ∑x1⊗ x2⊗ x3 = ∑ t1⊗ t2⊗ t3 = ∑v1⊗ v2⊗ v3 = · · ·
2
H is called a quasi-Hopf algebra if, moreover, there exists an anti-automorphism S of the algebra H and
elements α,β ∈H such that, for all h ∈ H , we have:
∑S(h1)αh2 = ε(h)α and ∑h1βS(h2) = ε(h)β, (1.5)
∑X1βS(X2)αX3 = 1 and ∑S(x1)αx2βS(x3) = 1. (1.6)
For a quasi-Hopf algebra the antipode is determined uniquely up to a transformation α 7→ Uα, β 7→
βU−1, S(h) 7→US(h)U−1, where U ∈ H is invertible. The axioms for a quasi-Hopf algebra imply that
ε(α)ε(β) = 1, so, by rescaling α and β, we may assume without loss of generality that ε(α) = ε(β) = 1
and ε◦S = ε. The identities (1.2), (1.3) and (1.4) also imply that
(ε⊗ id⊗ id)(Φ) = (id⊗ id⊗ ε)(Φ) = 1⊗1⊗1. (1.7)
Next we recall that the definition of a quasi-Hopf algebra is “twist coinvariant” in the following sense.
An invertible element F ∈H⊗H is called a gauge transformation or twist if (ε⊗ id)(F) = (id⊗ε)(F) =
1. If H is a quasi-Hopf algebra and F = ∑F1 ⊗F2 ∈ H ⊗H is a gauge transformation with inverse
F−1 = ∑G1⊗G2, then we can define a new quasi-Hopf algebra HF by keeping the multiplication, unit,
counit and antipode of H and replacing the comultiplication, antipode and the elements α and β by
∆F(h) = F∆(h)F−1, (1.8)
ΦF = (1⊗F)(id⊗∆)(F)Φ(∆⊗ id)(F−1)(F−1⊗1), (1.9)
αF = ∑S(G1)αG2, βF = ∑F1βS(F2). (1.10)
It is well-known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf
algebra, we have the following statement: there exists a gauge transformation f ∈ H⊗H such that
f ∆(S(h)) f−1 = ∑(S⊗S)(∆cop(h)), for all h ∈ H , (1.11)
where ∆cop(h) = ∑h2⊗h1. f can be computed explicitly. First set
∑A1⊗A2⊗A3⊗A4 = (Φ⊗1)(∆⊗ id⊗ id)(Φ−1), (1.12)
∑B1⊗B2⊗B3⊗B4 = (∆⊗ id⊗ id)(Φ)(Φ−1⊗1) (1.13)
and then define γ,δ ∈ H⊗H by
γ = ∑S(A2)αA3⊗S(A1)αA4 and δ = ∑B1βS(B4)⊗B2βS(B3). (1.14)
f and f−1 are then given by the formulas
f = ∑(S⊗S)(∆op(x1))γ∆(x2βS(x3)), (1.15)
f−1 = ∑∆(S(x1)αx2)δ(S⊗S)(∆cop(x3)). (1.16)
f satisfies the following relations:
f ∆(α) = γ, ∆(β) f−1 = δ. (1.17)
Furthermore the corresponding twisted reassociator (see (1.9)) is given by
Φ f =∑(S⊗S⊗S)(X3⊗X2⊗X1). (1.18)
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In a Hopf algebra H , we obviously have the identity
∑h1⊗h2S(h3) = h⊗1, for all h ∈ H.
We will need the generalization of this formula to the quasi-Hopf algebra setting. Following [9], [10],
we define
pR = ∑ p1⊗ p2 =∑x1⊗ x2βS(x3), qR =∑q1⊗q2 =∑X1⊗S−1(αX3)X2. (1.19)
For all h ∈ H , we then have
∑∆(h1)pR[1⊗S(h2)] = pR[h⊗1], ∑[1⊗S−1(h2)]qR∆(h1) = (h⊗1)qR, (1.20)
and
∑∆(q1)pR[1⊗S(q2)] = 1⊗1, ∑[1⊗S−1(p2)]qR∆(p1) = 1⊗1, (1.21)
(qR⊗1)(∆⊗ id)(qR)Φ−1
= ∑[1⊗S−1(X3)⊗S−1(X2)][1⊗S−1( f 2)⊗S−1( f 1)](id⊗∆)(qR∆(X1)), (1.22)
Φ(∆⊗ id)(pR)(pR⊗ id)
= ∑(id⊗∆)(∆(x1)pR)(1⊗ f−1)(1⊗S(x3)⊗S(x2)), (1.23)
where f = ∑ f 1⊗ f 2 is the twist defined in (1.15).
A quasi-bialgebra or quasi-Hopf algebra H is quasitriangular if there exists an element R = ∑R1⊗R2 =
∑r1⊗ r2 ∈H⊗H such that
(∆⊗ id)(R) = ∑X2R1x1Y 1⊗X3x3r1Y 2⊗X1R2x2r2Y 3 (1.24)
(id⊗∆)(R) = ∑x3R1X2r1y1⊗ x1X1r2y2⊗ x2R2X3y3 (1.25)
∆op(h)R = R∆(h), for all h ∈H (1.26)
(ε⊗ id)(R) = (id⊗ ε)(R) = 1. (1.27)
In [5], it is shown that R is invertible. Furthermore, the element
u = ∑S(R2 p2)αR1 p1 (1.28)
(with pR = ∑ p1⊗ p2 defined as in (1.19)) is invertible in H , and
u−1 =∑X1R2 p2S(S(X2R1 p1)αX3), (1.29)
ε(u) = 1 and S2(h) = uhu−1 (1.30)
for all h ∈H . Consequently the antipode S is bijective and, as in the Hopf algebra case, the assumptions
about invertibility of R and bijectivity of S can be deleted. Moreover, the R-matrix R = ∑R1⊗R2 satisfies
the identity (see [1], [10], [5]):
f21R f−1 = (S⊗S)(R) (1.31)
where f = ∑ f 1⊗ f 2 is the twist defined in (1.15), and f21 = ∑ f 2⊗ f 1.
Assume that (H,∆,ε,Φ) is a quasi-bialgebra. For left H-modules U,V,W , we define a left H-action on
U ⊗V by
h · (u⊗ v) = ∑h1 ·u⊗h2 · v.
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We have isomorphisms aU,V,W : (U ⊗V )⊗W →U ⊗ (V ⊗W ) in HM given by
aU,V,W ((u⊗ v)⊗w) = Φ · (u⊗ (v⊗w)). (1.32)
The counit ε : H → k makes k ∈ HM , and the natural isomorphisms λ : k⊗H →H and ρ : H⊗ k → H
are in HM .
With this notation, (HM ,⊗,k,a,λ,ρ) is a monoidal category (see [11] or [19] for the precise definition).
Now let H be a quasitriangular quasi-bialgebra, with R-matrix R = ∑R1⊗R2. For two left H-modules
U and V , we define
cU,V : U ⊗V →V ⊗U
by
cU,V (u⊗ v) = ∑R2 · v⊗R1 ·u (1.33)
and then (HM ,⊗,k,a,λ,ρ,c) is a braided monoidal category (cf. [11] or [19]).
The biproduct for quasi-Hopf algebras
First we recall from [16] the notion of Yetter-Drinfeld module over a quasi-bialgebra.
Definition 1.1 Let H be a quasi-bialgebra with reassociator Φ. A left H-module M together with a left
H-coaction
λM : M → H⊗M, λM(m) = ∑m(−1)⊗m(0)
is called a left Yetter-Drinfeld module if the following equalities hold, for all h ∈H and m ∈ M:
∑X1m(−1)⊗ (X2 ·m(0))(−1)X3⊗ (X2 ·m(0))(0)
= ∑X1(Y 1 ·m)(−1)1Y 2⊗X2(Y 1 ·m)(−1)2Y 3⊗X3 · (Y 1 ·m)(0) (1.34)
∑ε(m(−1))m(0) = m (1.35)
∑h1m(−1)⊗h2 ·m(0) = ∑(h1 ·m)(−1)h2⊗ (h1 ·m)(0). (1.36)
The category of left Yetter-Drinfeld H-modules and k-linear maps that preserve the H-action and H-
coaction is denoted HHY D. In [16], it is shown that HHY D is a braided monoidal category. The forgetful
functor HHY D → HM is monoidal, and the coaction on the tensor product M⊗N of two Yetter-Drinfeld
modules M and N is given by
λM⊗N(m⊗n) = ∑X1(x1Y 1 ·m)(−1)x2(Y 2 ·n)(−1)Y 3⊗X2 · (x1Y 1 ·m)(0)⊗X3x3 · (Y 2 ·n)(0). (1.37)
The braiding is given by
cM,N(m⊗n) =∑m(−1) ·n⊗m(0). (1.38)
This braiding is invertible if H is a quasi-Hopf algebra [4], and its inverse is given by
c−1M,N(n⊗m) = ∑y31X2 · (x1 ·m)(0)⊗S−1(S(y1)αy2X1(x1 ·m)(−1)x2βS(y32X3x3)) ·n. (1.39)
We can consider (co)algebras, bialgebras and Hopf algebras in the braided category HHY D. Let H be a
quasi-Hopf algebra, and B a Hopf algebra with bijective antipode in the category HHY D. Following [4],
the k-vector space B⊗H becomes a quasi-Hopf algebra B×H , with the following structure:
• as an algebra, B×H is the smash product from [3], that is, the unit is 1×1, and the multiplication
is given by
(b×h)(b′ ×h′) = ∑(x1 ·b)(x2h1 ·b′)× x3h2h′ (1.40)
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• the comultiplication, counit and reassociator are given by the formulas
∆(b×h) = ∑y1X1 ·b1
× y2Y 1(x1X2 ·b2)(−1)x2X31 h1⊗ y31Y 2 · (x1X2 ·b2)(0)× y32Y 3x3X32 h2 (1.41)
ε(b×h) = ε(b)ε(h) ; ΦB×H = ∑1×X1⊗1×X2⊗1×X3 (1.42)
• the antipode is given by
s(b×h) = ∑(1×S(X1x11b(−1)h)α)(X2x12 ·SB(b(0))×X3x2βS(x3)) (1.43)
and
αB×H = 1×α ; βB×H = 1×β. (1.44)
As the reader probably expects, we recover Radford’s biproduct [20] in the situation where H is a bial-
gebra or a Hopf algebra.
2 The quantum double D(H)
From [10], we recall the definition of the quantum double D(H) of a finite dimensional quasi-Hopf
algebra H . Let {ei}i=1,n be a basis of H , and {ei}i=1,n the corresponding dual basis of H∗. H∗ is a
coassociative coalgebra, with comultiplication
∆̂(ϕ) = ∑ϕ1⊗ϕ2 =
n
∑
i, j=1
ϕ(eie j)ei⊗ e j,
or, equivalently,
∆̂(ϕ) = ∑ϕ1⊗ϕ2 ⇔ ϕ(hh′) = ∑ϕ1(h)ϕ2(h′), ∀h,h′ ∈H .
H∗ is also an H-bimodule, by
< h ⇀ ϕ,h′ >= ϕ(h′h), < ϕ ↼ h,h′ >= ϕ(hh′).
We also define, for ϕ ∈ H∗ and h ∈H:
ϕ ⇀ h = ∑ϕ(h2)h1, h ↼ ϕ = ∑ϕ(h1)h2.
The convolution is a multiplication on H∗; it is not associative, but only quasi-associative:
[ϕψ]ξ = ∑(X1 ⇀ ϕ ↼ x1)[(X2 ⇀ ψ↼ x2)(X3 ⇀ ξ ↼ x3)], ∀ϕ,ψ,ξ ∈H∗.
We also introduce S : H∗→ H∗ as the coalgebra antimorphism dual to S, i.e. < S(ϕ),h >=< ϕ,S(h) >.
Now consider Ω ∈ H⊗5 given by
Ω = ∑Ω1⊗Ω2⊗Ω3⊗Ω4⊗Ω5
= ∑X1(1,1)y1x1⊗X1(1,2)y2x21⊗X12 y3x22⊗S−1( f 1X2x3)⊗S−1( f 2X3), (2.45)
where f ∈ H ⊗H is the twist defined in (1.15). We define the quantum double D(H) = H∗ ⊲⊳ H as
follows: as a k-linear space, D(H) equals H∗⊗H , and the multiplication is given by
(ϕ ⊲⊳ h)(ψ ⊲⊳ h′)
= ∑[(Ω1 ⇀ ϕ ↼ Ω5)(Ω2 ⇀ ψ2 ↼ Ω4)] ⊲⊳ Ω3[(S−1(ψ1)⇀ h)↼ ψ3]h′
= ∑[(Ω1 ⇀ ϕ ↼ Ω5)(Ω2h(1,1) ⇀ ψ↼ S−1(h2)Ω4)] ⊲⊳ Ω3h(1,2)h′. (2.46)
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It is easy to see that
(ε ⊲⊳ h)(ϕ ⊲⊳ h′) = ∑h(1,1) ⇀ ϕ ↼ S−1(h2) ⊲⊳ h(1,2)h′ (2.47)
and (ϕ ⊲⊳ h)(ε ⊲⊳ h′) = ϕ ⊲⊳ hh′ for all ϕ ∈ H∗ and h,h′ ∈ H . Following [9], [10], D(H) is an associative
algebra with unit ε ⊲⊳ 1, and H is a unital subalgebra via the morphism iD : H → D(H), iD(h) = ε ⊲⊳ h.
In [10, Theorem 3.9], it is shown that we have a quasitriangular quasi-Hopf algebra
(D(H),∆D,εD,ΦD,SD,αD,βD,RD)
Let us describe the structure; we first introduce
D =
n
∑
i=1
S−1(p2)ei p11⊗ (ei ⊲⊳ p12) ∈H⊗D(H), (2.48)
where pR = ∑ p1 ⊗ p2 id defined as in (1.19). Then we introduce the following notation: for E =
∑
i
E1i ⊗E2i ⊗·· ·⊗Eni ∈H⊗n and n≤m, we let En1n2···nn be the element in H⊗m having Eki in the nthk tensor
position, 1 ≤ k ≤ n, and 1 elsewhere.
The comultiplication, counit, reassociator, R-matrix and antipode are then defined for all h ∈ H by the
formulas
∆D(iD(h)) = (iD⊗ iD)(∆(h)) (2.49)
(iD⊗∆D)(D) = (Φ−1D )
231D13Φ213D D12Φ−1D (2.50)
εD(iD(h)) = ε(h) (2.51)
(id⊗ εD)(D) = (ε⊗ id)(D) (2.52)
ΦD = (iD⊗ iD⊗ iD)(Φ) (2.53)
RD = (iD⊗ id)(D) =
n
∑
i=1
(ε ⊲⊳ S−1(p2)ei p11)⊗ (ei ⊲⊳ p12) (2.54)
SD(iD(h)) = iD(S(h)) (2.55)
(S⊗SD)(D) = (id⊗ iD)( f21)D(id⊗ iD)( f−1) (2.56)
αD = iD(α), βD = iD(β) (2.57)
where f = ∑ f 1 ⊗ f 2 is the twist defined in (1.15) with inverse f−1 and f21 = ∑ f 2⊗ f 1. We point out
that the comultiplication is completely determined by (2.49) and (2.50). Using (2.46) and (2.50), we find
that
n
∑
i=1,n
(ε ⊲⊳ S−1(p2)ei p11)⊗∆D(ei ⊲⊳ p12)
=
n
∑
i, j=1
[ε ⊲⊳ x3S−1(p2)ei p11X2S−1(P2)e jP11 y1]⊗ [(ε ⊲⊳ x1X1)(e j ⊲⊳ P12 y2)]⊗ [(ε ⊲⊳ x2)(ei ⊲⊳ p12X3y3)],
where ∑P1⊗P2 is another copy of pR. Clearly this is equivalent to
∆D(p11 ⇀ ϕ ↼ S−1(p2) ⊲⊳ p12)
= ∑[(ε ⊲⊳ x1X1)(P11 y1 ⇀ ϕ2 ↼ X2S−1(P2) ⊲⊳ P12 y2)]
⊗[(ε ⊲⊳ x2)(p11 ⇀ ϕ1 ↼ x3S−1(p2) ⊲⊳ p12X3y3)]. (2.58)
On the other hand, by (1.21) we have that
∑(ε ⊲⊳ q1)(p11 ⇀ ϕ ↼ q2S−1(p2) ⊲⊳ p12) = ϕ ⊲⊳ 1, (2.59)
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where qR = ∑q1 ⊗ q2 is defined by (1.19); using (1.19), (1.3) and (1.7) we then obtain the following
relation:
∑q11x1⊗q12x2⊗q2x3 = ∑Y 1⊗q1Y 21 ⊗S−1(Y 3)q2Y 22 , (2.60)
and, using (2.59), (2.49) and (2.58), we compute that
∆D(ϕ ⊲⊳ 1) = ∑[(ε ⊲⊳ q11x1X1)(P11 y1 ⇀ ϕ2 ↼ X2S−1(P2) ⊲⊳ P12 y2)]
⊗[(ε ⊲⊳ q12x
2)(p11 ⇀ ϕ1 ↼ q2x3S−1(p2) ⊲⊳ p12X3y3)]
(2.60) = ∑[(ε ⊲⊳Y 1X1)(P11 y1 ⇀ ϕ2 ↼ X2S−1(P2) ⊲⊳ P12 y2)]
⊗[(ε ⊲⊳ q1Y 21 )(p
1
1 ⇀ ϕ1 ↼ S−1(Y 3)q2Y 22 S−1(p2) ⊲⊳ p12X3y3)]
(2.47,1.20) = ∑[(ε ⊲⊳Y 1X1)(P11 y1 ⇀ ϕ2 ↼ X2S−1(P2) ⊲⊳ P12 y2)]
⊗[(ε ⊲⊳ q1)(p11Y
2
1 ⇀ ϕ1 ↼ S−1(Y 3)q2S−1(p2) ⊲⊳ p12Y 22 X3y3)]
(2.47,1.21) = ∑[(ε ⊲⊳Y 1X1)(P11 y1 ⇀ ϕ2 ↼ X2S−1(P2) ⊲⊳ P12 y2)]
⊗(Y 21 ⇀ ϕ1 ↼ S−1(Y 3) ⊲⊳ Y 22 X3y3)
Combining this with (2.49), we obtain the following explicit formula for the comultiplication on D(H):
∆D(ϕ ⊲⊳ h) = (ε ⊲⊳ X1Y 1)(p11x1 ⇀ ϕ2 ↼Y 2S−1(p2) ⊲⊳ p12x2h1)
⊗(X21 ⇀ ϕ1 ↼ S−1(X3) ⊲⊳ X22Y 3x3h2) (2.61)
Similar computations yield explicit formulas for the counit and the antipode, namely
εD(ϕ ⊲⊳ h) = ε(h)ϕ(S−1(α)) (2.62)
and
SD(ϕ ⊲⊳ h) = ∑(ε ⊲⊳ S(h) f 1)(p11U1 ⇀ S−1(ϕ)↼ f 2S−1(p2) ⊲⊳ p12U2). (2.63)
Here the twist f = ∑ f 1 ⊗ f 2, its inverse f−1 = ∑g1 ⊗ g2 and qR = ∑q1 ⊗ q2 are defined as in (1.15),
(1.16) and (1.19), and
U = ∑U1⊗U2 = ∑g1S(q2)⊗g2S(q1). (2.64)
3 D(H) when H is quasitriangular
In [15] it is shown that a finite dimensional Hopf algebra is quasistriangular if and only if its Drinfeld
double is a Hopf algebra with a projection. In this Section, we will generalize this result to quasi-Hopf
algebras. In this case, D(H) is isomorphic to a biproduct in the sense of [4], between a certain Hopf
algebra Bi in the braided category HHY D and H . We will show that, as in the case of a classical Hopf
algebra, Bi equals H∗ as a vector space, but with a different multiplication and comultiplication: the
structures of H∗ in HHY D are induced by the R-matrix and the quasi-Hopf algebra structure of H .
Let (H,∆,Φ,ε,S,α,β) be a quasi-Hopf algebra and (A,∆A,ΦA) a quasi-bialgebra. Recall that a quasi-
bialgebra map ν : H → A is a k-algebra map that preserves comultiplication and counit, such that ΦA =
ν⊗3(Φ). If (A,∆A,ΦA,SA,αA,βA) is also a quasi-Hopf algebra, then a quasi-bialgebra map ν is a Hopf
algebra map if ν(α) = αA, ν(β) = βA and SA ◦ν = ν◦S. Observe that a bialgebra map between classical
Hopf algebras is automatically a Hopf algebra map. If ν is a quasi-Hopf algebra map, then the elements
γ,δ, f , f−1 ∈H⊗H are mapped by ν⊗ν to the corresponding ones in A⊗A.
Our first result is a generalization of [15, Corollary 3.2].
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Lemma 3.1 Let H be a finite dimensional quasi-Hopf algebra. Then there exists a quasi-Hopf algebra
projection pi : D(H)→ H covering the canonical inclusion iD : H → D(H) if and only if H is quasitri-
angular.
Proof. First assume that there is a quasi-Hopf algebra morphism pi : D(H)→ H such that pi◦ iD = idH .
Then it is not hard to see that R = ∑pi(R1D)⊗pi(R2D) is an R-matrix for H , where RD = ∑R1D⊗R2D is the
canonical R-matrix of D(H) defined in (2.54). Thus H is quasitriangular.
Conversely, let H be a quasitriangular quasi-Hopf algebra with R-matrix R = ∑R1 ⊗ R2, and define
pi : D(H)→ H by
pi(ϕ ⊲⊳ h) = ∑ϕ(q2R1)q1R2h, (3.65)
where qR = ∑q1 ⊗ q2 is as in (1.19). We have to show that pi is a quasi-Hopf algebra morphism and
pi◦ iD = idH .
As before, we write qR = ∑Q1⊗Q2 and R = ∑r1⊗ r2, and then compute for all ϕ,ψ ∈H∗ and h,h′ ∈H
that
pi((ϕ ⊲⊳ h)(ψ ⊲⊳ h′))
(2.46) = ∑pi((Ω1 ⇀ ϕ ↼ Ω5)(Ω2h(1,1) ⇀ ψ ↼ S−1(h2)Ω4) ⊲⊳ Ω3h(1,2)h′)
= ∑ϕ(Ω5q21R11Ω1)ψ(S−1(h2)Ω4q22R12Ω2h(1,1))q1R2Ω3h(1,2)h′
(2.45) = ∑ϕ(S−1( f 2X3)q21R11X1(1,1)y1x1)ψ(S−1( f 1X2x3h2)q22R12X1(1,2)y2x21h(1,1))
q1R2X12 y
3x22h(1,2)h′
(1.26,1.22) = ∑ϕ(q2Q12z2R11y1x1)ψ(S−1(x3h2)Q2z3R12y2x21h(1,1))
q1Q11z1R2y3x22h(1,2)h′
(1.24) = ∑ϕ(q2Q12R1y1x1)ψ(S−1(x3h2)Q2y3r1x21h(1,1))q1Q11R2y2r2x22h(1,2)h′
(1.19,1.26) = ∑ϕ(q2R1X11 y1x1)ψ(S−1(αX3x3h2)X2y3x22h(1,2)r1)q1R2X12 y2x21h(1,1)r2h′
(1.3,1.7) = ∑ϕ(q2R1)ψ(S−1(h2)Q2h(1,2)r1)q1R2Q1h(1,1)r2h′
(1.20) = pi(ϕ ⊲⊳ h)pi(ψ ⊲⊳ h′).
From (1.27) and (1.19), it follows that pi(ε ⊲⊳ h) = h, for any h ∈ H . Thus we have shown that pi is an
algebra map, and that pi◦ iD = idH .
Since pi◦ iD = idH , we have that (pi⊗pi⊗pi)(ΦD) = Φ. pi also preserves the comultiplication, since
∑pi((ϕ ⊲⊳ h)1)⊗pi((ϕ ⊲⊳ h)2)
(2.61) = ∑pi((ε ⊲⊳ X1Y 1)(p11x1 ⇀ ϕ2 ↼Y 2S−1(p2) ⊲⊳ p12x2h1))
⊗pi(X21 ⇀ ϕ1 ↼ S−1(X3) ⊲⊳ X22Y 3x3h2)
= ∑ϕ2(Y 2S−1(p2)q2R1 p11x1)ϕ1(S−1(X3)Q2r1X21 )X1Y 1q1R2 p12x2h1⊗Q1r2X22Y 3x3h2
(since pi is an algebra map and pi◦ iD = idH)
(1.26) = ∑ϕ(S−1(X3)Q2r1X21Y 2S−1(p2)q2 p12R1x1)X1Y 1q1 p11R2x2h1⊗Q1r2X22Y 3x3h2
(1.21,1.26) = ∑ϕ(S−1(X3)Q2X22 r1Y 2R1x1)X1Y 1R2x2h1⊗Q1X21 r2Y 3x3h2
(2.60) = ∑ϕ(q2y3r1Y 2R1x1)q11y1Y 1R2x2h1⊗q12y2r2Y 3x3h2
(1.25) = ∑ϕ(q2R1)∆(q1R2h) = ∆(pi(ϕ ⊲⊳ h)).
pi also preserves the counit, since (ε◦pi)(ϕ ⊲⊳ h) = ϕ(S−1(α))ε(h) = εD(ϕ ⊲⊳ h).
We easily see that pi(αD) = α and pi(βD) = β, so we are done if we can show that S ◦pi = pi ◦SD. This
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follows from the next computation:
(pi◦SD)(ϕ ⊲⊳ h)
(2.63) = ∑pi((ε ⊲⊳ S(h) f 1)(p11U1 ⇀ S−1(ϕ)↼ f 2S−1(p2) ⊲⊳ p12U2))
= ∑< S−1(ϕ), f 2S−1(p2)q2R1 p11U1 > S(h) f 1q1R2 p12U2
(since pi is an algebra map and pi◦ iD = idH)
(1.26,1.21,2.64) = ∑< S−1(ϕ), f 2R1g1S(q2)> S(h) f 1R2g2S(q1)
(1.31) = ∑< S−1(ϕ),S(q2R1)> S(q1R2h)
= (S◦pi)(ϕ ⊲⊳ h),
and this completes our proof. 
Observe that, in the case where (H,R) is quasitriangular, the map pi given by (3.65) is a quasitriangular
morphism, i.e. (pi⊗pi)(RD) = R. Indeed,
(pi⊗pi)(RD) =
n
∑
i=1
< pi⊗pi,ε ⊲⊳ S−1(p2)ei p11⊗ ei ⊲⊳ p12 > by (2.54)
(3.65) =
n
∑
i=1
ei(q2R1)S−1(p2)ei p11⊗q1R2 p12
(1.26) = ∑S−1(p2)q2 p12R1⊗q1 p11R2
(1.21) = R.
The structure of a quasi-Hopf algebra with projection was given in [4]. More precisely, if H is a quasi-
Hopf algebra, and A a quasi-bialgebra with two quasi-bialgebra maps
H ✲✛ A
i
pi
(3.2)
such that pi ◦ i = id, then there exists a braided bialgebra Bi in the category HHY D such that A ∼= Bi×H
as quasi-bialgebras. In fact, if we define on A a new multiplication given by
a◦a′ = ∑ i(X1)ai(S(x1X2)αx2X31 )a′i(S(x3X32 )) (3.66)
and we denote this new structure on A by Ai, then Ai becomes a left H-module algebra (i.e. an algebra
in the monoidal category HM ), with unit i(β) and with the left adjoint action induced by i, that is
h⊲i a = ∑ i(h1)ai(S(h2)), for all h ∈ H and a ∈ A. Now let
Bi = {a ∈ A |∑a1⊗pi(a2) =∑ i(x1)ai(S(x32X3) f 1)⊗ x2X1βS(x31X2) f 2}. (3.67)
First, Bi is a subalgebra of Ai in the monoidal category HM . Secondly, Bi is an algebra in the braided
category HHY D where the left coaction of H on Bi is given by
λBi(b) = ∑X1Y 11 pi(b1)g1S(q2Y 22 )Y 3⊗ i(X2Y 12 )b2i(g2S(X3q1Y 21 )). (3.68)
Here f−1 = ∑g1⊗g2 and qR = ∑q1⊗q2 are as in (1.16) and (1.19).
Also, as k-vector space, Bi is the image of the k-linear map Π : A → A defined by
Π(a) = ∑a1i(βS(pi(a2))). (3.69)
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For all a ∈ A, we define
∆(Π(a)) = ∑Π(a1)⊗Π(a2). (3.70)
This makes Bi into a coalgebra in HHY D and a bialgebra in HHY D. The counit of Bi is ε = ε |B. The
bialgebra isomorphism χ : Bi×H → A is given by
χ(b×h) =∑ i(X1)bi(S(X2)αX3h). (3.71)
In the situation where A is a quasi-Hopf algebra, with antipode SA, and i and pi are quasi-Hopf algebra
maps, we have that Bi is a braided Hopf algebra in HHY D with antipode S given by
S(b) = ∑ i(pi(b1)β)SA(b2). (3.72)
Moreover, in this case S is bijective and χ is a quasi-Hopf algebra isomorphism.
Now we will apply the above description of a quasi-Hopf algebra with a projection in our case, namely
(H,R) is a finite dimensional quasitriangular quasi-Hopf algebra, A = D(H), i = iD is the canonical
inclusion and pi is the map defined by (3.65). As in the Hopf case, we show first that Bi is isomorphic to
H∗ as k-vector spaces. This follows from
Π(ϕ ⊲⊳ h) = ∑(ϕ ⊲⊳ h)1(ε ⊲⊳ βS(pi((ϕ ⊲⊳ h)2)))
(2.61,3.65) = ∑ϕ1(S−1(X3)q2R1X21 )(ε ⊲⊳ X1Y 1)
(p11y
1 ⇀ ϕ2 ↼Y 2S−1(p2) ⊲⊳ p12y2h1)(ε ⊲⊳ βS(q1R2X22Y 3y3h2))
(2.46,1.5) = ε(h)∑ϕ1(S−1(X3)q2R1X21 )(ε ⊲⊳ X1Y 1)
(p11y
1 ⇀ ϕ2 ↼Y 2S−1(p2) ⊲⊳ p12y2βS(q1R2X22Y 3y3))
= ε(h)Π(ϕ ⊲⊳ 1)
for all ϕ ∈ H∗ and h ∈ H , so Bi = Π(D(H)) = Π(H∗ ⊲⊳ 1); this means that we have a surjective k-linear
map
H∗→ Bi : ϕ 7→ Π(ϕ ⊲⊳ 1).
This map is also injective since
< id⊗ ε,Π(ϕ ⊲⊳ 1)>
= ∑ϕ1(S−1(X3)q2R1X21 )
< id⊗ ε,(ε ⊲⊳ X1Y 1)(p11y1 ⇀ ϕ2 ↼Y 2S−1(p2) ⊲⊳ p12y2βS(q1R2X22Y 3y3)>
= ∑< id⊗ ε,(ε ⊲⊳ X1Y 1)(p11y1 ⇀ ϕ ↼ S−1(X3)q2R1X21Y 2S−1(p2)
⊲⊳ p12y
2βS(q1R2X22Y 3y3))>
(2.46) = ∑< id⊗ ε,(X1Y 1)(1,1)p11y1 ⇀ ϕ ↼ S−1(X3)q2R1X21Y 2S−1((X1Y 1)2 p2)
⊲⊳ (X1Y 1)(1,2)p12y
2βS(q1R2X22Y 3y3)>
(1.27) = ∑X11 p1 ⇀ ϕ ↼ S−1(αX3)X2S−1(X12 p2)
(1.19,1.21) = ϕ.
In fact we have shown that the map
µ : Bi = Π(D(H))→ H∗, µ(Π(ϕ ⊲⊳ h)) = ε(h)ϕ
is an isomorphism of k-vector spaces, with inverse
µ−1(ϕ) = Π(ϕ ⊲⊳ 1).
From now on, H∗ will be the k-vector space H∗, with the structure of Hopf algebra in the braided category
H
HY D induced from Bi via µ. Let us compute the structure maps of H∗ in HHY D .
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Proposition 3.2 The structure of H∗ as a Yetter-Drinfeld module is given by the formulas
h ·ϕ = ∑h1 ⇀ ϕ ↼ S−1(h2) (3.73)
λH∗(ϕ) = ∑R2⊗R1 ·ϕ. (3.74)
Proof. (3.73) is easy, and left to the reader. Observe that (1.3) and (1.5) imply
∑X1 p11⊗X2p12⊗X3p2 = ∑x1⊗ x21 p1⊗ x22 p2S(x3) (3.75)
and this allows us to compute
Π(ϕ⊗1) = ∑(ε ⊲⊳ X1Y 1)
(p11y
1 ⇀ ϕ ↼ S−1(X3)q2R1X21Y 2S−1(p2) ⊲⊳ p12y2βS(q1R2X22Y 3y3))
(1.26,2.60,1.19) = ∑(ε ⊲⊳ q11x1Y 1)(p11P1 ⇀ ϕ ↼ q2x3R1Y 2S−1(p2) ⊲⊳ p12P2S(q12x2R2Y 3))
(2.46,1.23) = ∑(ε ⊲⊳ q11x1)(y1 p1 ⇀ ϕ ↼ q2x3R1S−1(y3 p22g2) ⊲⊳ y2 p21g1S(q12x2R2))
(1.31,1.26,2.46) = ∑(q11x1)(1,1)y1 p1 ⇀ ϕ ↼ q2x3S−1((q11x1)2y3R1 p21g1) ⊲⊳ (q11x1)(1,2)y2
R2 p22g
2S(q12x2)
(1.1,1.26,1.23) = ∑y1(q11)1X1 p11P1 ⇀ ϕ ↼ q2S−1(y3R1(q11)(2,1)X2p12P2)
⊲⊳ y2R2(q11)(2,2)X
3 p2S(q12)
(1.1,1.20) = ∑y1X1p11q11P1 ⇀ ϕ ↼ S−1(y3R1X2p12q12P2S(q2)) ⊲⊳ y2R2X3 p2
(1.21,3.75) = ∑y1x1 ⇀ ϕ ↼ S−1(y3R1x21 p1) ⊲⊳ y2R2x22 p2S(x3). (3.76)
A similar computation, using (3.76) yields
pi(Π(ϕ ⊲⊳ 1)1)⊗Π(ϕ ⊲⊳ 1)2 = ∑X1Y 1r2z2y21R21x2(2,1)p21S(x3)1
⊗ X21Y
2r1z1y1x1 ⇀ ϕ ↼ S−1(X3y3R1x21 p1) ⊲⊳ X22Y 3z3y22R22x2(2,2)p22S(x3)2. (3.77)
Here R = ∑r1⊗ r2 is another copy of R. Since
< id⊗ ε,Π((ϕ ⊲⊳ h)(Ψ ⊲⊳ h′))>=< id⊗ ε,(ϕ ⊲⊳ h)(Ψ ⊲⊳ h′)> (3.78)
= ε(h′)∑(X11 x1 ⇀ ϕ ↼ S−1( f 2X3))(X12 x2h1 ⇀ Ψ↼ S−1( f 1X2x3h2)), (3.79)
for all ϕ,Ψ ∈ H∗ and h,h′ ∈H , we obtain, using (3.68) that
λH∗(ϕ) = ∑q11X1r2y2R2x22 p2S(q2x3)
q1(2,1)X
2r1y1x1 ⇀ ϕ ↼ S−1(q1(2,2)X3y3R1x21 p1)
(1.1,1.26) = ∑X1r2q1(1,2)y2R2x22 p2S(q2x3)
⊗X2r1q1(1,1)y
1x1 ⇀ ϕ ↼ S−1(X3q12y3R1x21 p1)
(1.1,1.26,2.60) = ∑X1r2y2R2q12Y 2(1,2)p2S(q2Y 22 )Y 3
⊗X2r1y1Y 1 ⇀ ϕ ↼↼ S−1(X3y3R1q11Y 2(1,1)p1)
(1.20,1.21) = ∑X1r2y2R2Y 3⊗X2r1y1Y 1 ⇀ ϕ ↼ S−1(X3y3R1Y 2)
(1.24,3.73) = ∑R2⊗R1 ·ϕ.

Our next goal is to compute the algebra structure of H∗. First we need the following Lemma.
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Lemma 3.3 Let H be a quasi-Hopf algebra, A a quasi-bialgebra and assume that pi : A→H is a quasi-
bialgebra map that is a left inverse of the quasi-bialgebra map i : H → A. Then the map Π defined in
(3.69) satisfies the formula
Π(Π(a)◦a′) = Π(a)◦Π(a′). (3.80)
Proof. Recall from [4] that Π(ai(h))= ε(h)Π(a), Π(i(h)a)= h⊲i Π(a) and Π(aa′)=∑a1Π(a′)i(S(pi(a2))),
for all a,a′ ∈ A, h ∈H (see [4]). Then we compute
Π(Π(a)◦a′) = ∑Π(i(X1)Π(a)i(S(x1X2)αx2X31 )a′i(S(x3X32 )))
(1.19) = ∑q1 ⊲i Π(Π(a)i(S(q2))a′)
= ∑q1 ⊲i [Π(a)1Π(i(S(q2))a′)i(S(pi(Π(a)2)))]
= ∑q1 ⊲i [i(x1)Π(a)i(S(x32X3) f 1)Π(i(S(q2))a′)i(S(x2X1βS(x31X2) f 2))]
since Π(a) ∈ Bi
(1.11) = ∑q1 ⊲i [i(x1)Π(a)i(S(q22x32X3) f 1)Π(a′)i(S(x2X1βS(q21x31X2) f 2))]
(1.3,1.5) = ∑q1X1 ⊲i [i(x1)Π(a)i(S(q22X3) f 1)Π(a′)i(S(x2βS(q21X2x3) f 2))]
(1.22,1.19) = ∑q1Q11y1(1,1) ⊲i [i(p1)Π(a)i(S(Q2y12)y2)Π(a′)i(S(p2S(q2Q12y1(1,2))y3))]
(1.20) = ∑ i(q11 p1Q1y11)Π(a)i(S(Q2y12)y2)Π(a′)i(S(q12 p2S(q2)y3))
(1.21) = ∑ i(Q1y11)Π(a)i(S(Q2y12)y2)Π(a′)i(S(y3))
(1.19,1.3,1.5) = Π(a)◦Π(a′)

Proposition 3.4 The structure of H∗ as a Hopf algebra in HHY D is given by the formulas
ϕ◦Ψ = ∑(x1X1 ⇀ ϕ ↼ S−1( f 2x32Y 3R1X2))
(x2Y 1R21X
3
1 ⇀ Ψ↼ S−1( f 1x31Y 2R22X32 )) (3.81)
∆(ϕ) = ∑X11 p1 ⇀ ϕ2 ↼ S−1(X12 p2)⊗X2 ⇀ ϕ1 ↼ S−1(X3) (3.82)
ε(ϕ) = ϕ(S−1(α)) (3.83)
S(ϕ) = ∑Q1q1R2x2 · [p1P2S(Q2)⇀ S−1(ϕ)↼ S(q2R1x1P1)x3S−1(p2)] (3.84)
The unit element is ε.
Proof. It follows from (3.80) that the multiplication ◦ on H∗ is
ϕ◦Ψ = < id⊗ ε,Π(ϕ ⊲⊳ 1)◦Π(Ψ ⊲⊳ 1)>
= < id⊗ ε,Π(Π(ϕ ⊲⊳ 1)◦ (Ψ◦1))> .
Now
Π(ϕ ⊲⊳ 1)◦ (Ψ ⊲⊳ 1) = ∑ i(X1)Π(ϕ ⊲⊳ 1)i(S(z1X2)αz2X31 )(Ψ ⊲⊳ 1)i(S(z3X32 ))
(1.3,1.5,3.76) = ∑ i(q1z11)(y1x1 ⇀ ϕ ↼ S−1(y3R1x21 p1) ⊲⊳ y2R2x22 p2S(x3))
i(S(q2z12)z2)(Ψ ⊲⊳ S(z3))
(2.46,1.1,1.26) = ∑(y1q11z1(1,1)x1 ⇀ ϕ ↼ S−1(y3R1q1(2,1)(z1(1,2)x2)1 p1) ⊲⊳ y2R2q1(2,2)
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(z1(1,2)x
2)2 p2S(q2z12x3)z2)(Ψ ⊲⊳ S(z3))
(1.1,1.20) = ∑[y1q11x1z11 ⇀ ϕ ↼ S−1(y3R1q1(2,1)x21 p1z12) ⊲⊳ y2R2q1(2,2)x22 p2
S(q2x3)z2](Ψ ⊲⊳ S(z3))
(2.60) = ∑[y1X1z11 ⇀ ϕ ↼ S−1(y3R1q11X2(1,1)p1z12) ⊲⊳ y2R2q12X2(1,2)p2
S(q2X22 )X3z2](Ψ ⊲⊳ S(z3))
(1.20,1.21) = ∑y1X1z11 ⇀ ϕ ↼ S−1(y3R1X2z12) ⊲⊳ y2R2X3z2)(Ψ ⊲⊳ S(z3)).
Using (3.79) and (1.3) we then obtain (3.81). It is easy to prove that ε is the unit element of H∗.
(3.82-3.83) follow from the following formula for the comultiplication in D(H) (see [4]), and the defining
axioms of a quasi-bialgebra. We leave further detail to the reader:
∆(Π(ϕ ⊲⊳ 1)) = ∑Π(i(X1)(ϕ ⊲⊳ 1)1)⊗ i(X2)(ϕ ⊲⊳ 1)2i(S(X3)).
(3.84) follows after a straigthforward, but long and tedious computation using (3.77), (2.63) and (3.79).

Remarks 3.5 1) The quasi-Hopf algebra isomorphism χ : H∗×H → D(H) is given by
χ(ϕ×h) = ∑x1X1 ⇀ ϕ ↼ S−1(x3R1X2) ⊲⊳ x2R2X3h. (3.85)
2) Let (H,R) be a quasitriangular quasi-Hopf algebra. Then we have a monoidal functor F : HM →
H
HY D which sends algebras, coalgebras, bialgebras etc. in HM to the corresponding objects in HHY D
(see [4, Proposition 2.4]). More precisely, for B ∈ HM , F(B) = B as a left H-module, and the left
H-coaction is given by
λB(b) = ∑R2⊗R1 ·b. (3.86)
We observe that H∗ lies in the image of F, that is, the relation between action and coaction is given by
(3.86), which is exactly what we proved in Proposition 3.2.
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